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Other mathematicians of the period of Almohad rule were Abū Bakr Muh.ammad
al-H. as.s.ār,13 Ibn al-Yāsamı̄n, and Ibn Mun↪im, whose work is excerpted here. Al-H. as.s.ār wrote
at least two mathematical works. One, the Book of Demonstration and Recollection, dealt
with calculation and is the first book known using the horizontal bar to separate the numerator
from the denominator of fractions. This practice spread rapidly in mathematical teaching in
the Maghrib, where Fibonacci (who died sometime after 1240) learned of it and used it in his
famous Liber abbaci. The book was also translated into Hebrew in the thirteenth century by
Moses ibn Tibbon. The other, the Complete Book on the Art of Number, of which only the first
part has been found, dealt with some of the topics in his first book but also explained the exact
calculation of a cube root of a whole number as well as perfect and amicable numbers.14

Ibn al-Yāsamı̄n, whose mother was a black African and whose father was a Berber, is
best known for his highly popular Poem of Algebra, but his most important work was his
Fertilization of Spirits with the Dust Numerals, a large work treating both techniques of
calculation by itself and its application to geometry. His use of symbolism, identical with
that of such later mathematicians as Ibn Qunfudh and then al-Qalas.ādı̄, permits him to write
and solve equations and manipulate polynomials in an abstract manner. Because of the quality
of the work, it is surprising that no later mathematician refers to it.15

As for the third mathematician, Ibn Mun↪im, his life is discussed in the introduction to
the two sections appearing here from his great work, the Fiqh al-h. isāb, written in the early
years of the thirteenth century. It is thanks to references in this work that historians are as well
informed as they are about the mathematicians of his epoch and their works.

Ibn al-Bannā↩ was born in 1256—after the collapse of the Almohad dynasty—in Mar-
rakesh, which from 1062 to 1248 had been the capital of the whole Maghrib. For more
details, see the introduction to the selections from his works (sections I-1, II-1, and III-2)
and, of course, the selections themselves! Bear in mind that when reading the works of Ibn
al-Bannā↩, we are reading the work of “the last Maghribi mathematician who had an active
research career, in the sense that he attacked new problems for his epoch and produced original
solutions or advanced new ideas” [Djebbar, 1991, p. 20].

I. ARITHMETIC

1. IBN AL-BANNĀ↩, ARITHMETIC

Ah. mad Ibn al-Bannā↩ was born in Marrakesh, Morocco, in 1256, and he died, it seems, in
July 1321 in the same city. He was regarded as a learned and pious person of good character.
The only record of travels in his life indicates that several times he went to the capital, Fes, at
the invitation of the reigning sultan.

Three of his works are excerpted in this chapter, the first of which is A Summary Account of
the Operations of Computation. The second is his commentary on that work, Raising the Veil

13Since he refers to writers of the eleventh century, and Ibn Mun↪im in the thirteenth century refers to him as
deceased, he most likely worked during the twelfth century.

14We have not been able to obtain a copy of this work.
15It is the subject of an unpublished master’s thesis [Zemouli, 1993].
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of the fraction being transformed and then by those of the fraction into which you are
transforming. You will have for the result six eighths and six sevenths of a third of an
eighth, so:

0 6 0 6
2 7 3 8 .

3. MUH. AMMAD IBN MUH. AMMAD AL-FULLĀNĪ AL-KISHNĀWĪ, ON MAGIC SQUARES

The Nigerian author Muh.ammad al-Fullānı̄ al-Kishnāwı̄, who died in Cairo in 1741,
wrote a substantial treatise on constructing magic squares, known in Arabic as “harmonious
arrangements.” He is included here because his work is of mathematical interest and, because
of his birthplace, he seems to fit as well with the Maghrib as with the eastern part of the Islamic
world, which was the focus in the previous sourcebook [Berggren, 2007]. In this treatise56 he
relies heavily on earlier authors, including M. Shabrāmallisı̄ (written ca. 1600). However, on
reading his treatise, it is obvious that al-Kishnāwı̄ had a gift for explaining complex procedures
clearly, and it is regrettable that only the part of his work dealing with squares of odd order57

has survived.
Here is al-Kishnāwı̄’s second method of constructing simple magic squares of odd order

followed by a method he explains for constructing bordered magic squares58 of odd order.
One begins in any one of the cells of the square whatsoever. One moves in regular

steps: by one cell in either of the two principal directions [i.e., up/down or right/left] from
file59 to file and by two cells in the other [principal direction].60 One proceeds in this way
until one has entered as many numbers as there are divisions on a side. With this the first
cycle [of placement] ends.

One then moves to begin the second cycle. For this displacement, and the following
ones, there are two methods. The one consists of moving from the cell reached (staying
within the file determined by the displacement from file to file) by a number of consecutive
cells [counting the cell you depart from as “one”] equal to the number of divisions of the
side and in the direction in which you moved two cells. The other consists of moving from
the cell reached (staying within the file determined by the displacement by two files) by
three cells in the direction of the displacement from file to file. The cell you reach by either
of these two methods will be the point of departure for the second cycle.

The author gives the examples here [Fig. I-3-1]. The 5 × 5 square on the left he generated
by the first method and that on the right by the second method. Bear in mind that in the square
on the left, the cell with “5” was reached by moving one to the left of 4 and then two down,

56I became aware of al-Kishnawı̄’s work in reading [Sesiano, 1994], from which comes the information
concerning al-Kishnawı̄.

57The order of a magic square is the number of cells on its side.
58These are squares that remain “magic” when the outer border of cells is removed, when the one inside that is

removed, etc.—down to and including the innermost (three-by-three) square.
59Here this word denotes either a row or a column.
60The author describes this as a knight’s move (in the game of chess). Note that when one reaches the edge of the

square, one continues as if the first row were below the fifth and the rightmost column were to the left of the leftmost
column.
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Fig. I-3-1.

so “the file determined by the displacement from file to file” is the leftmost, whereas in the
second case, the second file from the bottom was reached by a displacement of two files, so
one stays in the second file from the bottom to get to the cell for “6.”

The author then describes a very different method for generating magic squares, one that
Ibn al-Haytham described around 1000 CE; it can be found in [Berggren, 2007, pp. 658–659].

Later in the treatise the author describes a number of well-known methods for constructing
various kinds of bordered magic squares. He then writes that one finds

a few methods and ways of constructing [them] among specialists, in which some are
instructions resting on trial-and-error which are arduous for those not practiced in the area
but the others are valuable precepts generally.

One of these latter he describes as follows.
One always places the first of the numbers in the middle of the right side. Counting

the cells of the side after the middle cell down to the lower right corner, beginning with 1,
one puts in each cell its number until one arrives at the corner indicated, which one leaves
empty but places the number one has reached in the lower left corner. Then one advances
with the consecutive numbers that follow it in the cells of the lower file, one after the other,
following the corner one has filled in until one comes to the middle square. One does not
put here the number one has reached, but in the opposite cell of the topmost file, i.e., its
middle. One then imagines that the number one has placed in the middle of the topmost
file was placed in the middle cell of the left file, and one then commences counting with this
number [along the left file] as if it were in the middle, advancing through the consecutive
numbers following this number in the cells of this file, until one comes to the upper left
corner. In each cell, including that in the upper left corner, one puts the number reached
[in the counting].

One now imagines that the number in the upper left corner occupies the middle of the
top file, and one counts the cells of the topmost file from there to the right, beginning with
the number one has imagined occupies the middle of the side in question. One places
the number attained [in the counting] in each cell, but not in the corner cell when one
reaches it. When this is done, the numbers will appear distributed in the border in the way
characterized above.
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Fig. I-3-2.

Now one fills in the second [inner] border in the same way, beginning with the last of
the numbers attained in the outer border. Then one places the numbers in the third border
according to what has been explained, beginning with the number following the last of the
numbers placed in the second border.

Continuing always in this way, one fills one border after another until one reaches, in
the middle, a three-by-three square.61 One fills in this three-by-three square and then fills
in the empty cells as one knows how, the “equalizer”62 used for the boundaries of each
magic square being the equalizer of the large magic square that contains them.63

Fig. I-3-2 shows al-Kishnāwı̄’s example of a bordered magic square of order 11.

61The author calls this a “square of three.”
62This refers to the number n2 + 1, where n is the order of the magic square. It occurs in the discussion of the

trial-and-error methods. In the case of the 11 × 11 square, the equalizer for each of the borders would be 122.
63In his discussion of the trial-and-error method, the author explains that if a cell in a given border is occupied

by the number c, then the one opposite it contains the equalizer minus c, i.e., n2 +1−c. (In the case of interior cells
in a border “opposite” means vertically or horizontally, and for corner cells it means diagonally opposite.)
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a number which is greater than the residual. The remainder is 13 and the square is 36.
Hence we pass over the 6 and take 5 and say five-times 2 is 10.11 Write the 5 between
the 3 and the 2 on the same row as the unit written below the 2. Taking the 10 from the 13
leaves 3. Write this in small print above in the space between the 3 and the 5. Again we
multiply the 5 by itself giving 25 and subtract from 35 leaving 10. Write this outside of the
row by itself. Now double the 5 and it becomes 10, just as at the beginning we doubled
the unit below the 2. Write this in the third row in turn next to the two you wrote previously.
Now combine the 20 and the 10 in the third row, since 2 lies in the tens column, this gives
30. Take half from it and we get 15, since 30 is double the root. The root then of 235 is
15 and ten thirtieths. The remainder is expressed in terms of that same thirtieth which
is obtained by doubling the (integer part) of the square root. Now ten thirtieths is a third.
Note that the (integer part) of the square root, that is 15, lies in the second row and its
double is in the third. To check the result, proceed as follows: Multiply 15 by itself and by
ten thirtieths and say, fifteen by 15 is 225, then fifteen times a third, that is ten thirtieths,
gives 5, then 5 and 5 is 10. Combining this with 225 gives 235.

2. MANUEL MOSCHOPOULOS, ON MAGIC SQUARES

Manuel Moschopoulos (ca. 1265–1315) was a student of Maximus Planudes and took an
interest in aspects of both science and letters. He was known both as a scholar and a teacher.
The only mathematical work for which he is known is a treatise on magic squares, the first in
the West to discuss this subject. Although the treatise deals with the construction of odd-order
magic squares, this excerpt deals only with the construction of evenly-even squares, that is,
squares whose side is a power of 2.

The Methods for Evenly-Even Squares
As before, two different methods for those squares formed from evenly-even numbers12

have been found. The first of these is as follows: We draw up the cells for such a square,
and then we place (certain) dots as shown. In the first such square we place the dots only
in the cells along the diagonals, thus [Fig. A1-1].

● ●

● ●

● ●

● ●

Fig. A1-1.

11Planudes has made the algorithm very complicated by not using place value. An easier way to express what
he is doing is to say that we seek the largest integer x so that (20 + x)x < 135. Here x = 6 does not work, but x = 5
does.

12An evenly-even number is one of the form 2n, for some positive integer n.
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● ● ● ●

● ● ● ●

● ● ● ●

● ● ● ●

● ● ● ●

● ● ● ●

● ● ● ●

● ● ● ●

Fig. A1-2.

For each square in turn, [we place the dots] firstly along the diagonals and then proceed
as follows. We count four places in turn to the right from the first of the cells in the topmost
row, including the first one and three others, and we place a dot in the fourth cell, and
another one in the cell next in turn directly on the right. We again count from this cell 4
places and we place a dot in the 4th cell and another one in the cell directly on the right
immediately after it, and so on as far as possible. We continue this procedure also along
the other sides of the square in a circle. We then place a series of dots from the 4th cell
of the topmost (row of cells), counting from left to right, obliquely to the 4th cell of the
left side (of the square), counting downwards, so that the dots meet to form an isosceles
triangle with the corner of the square. (Likewise, we place a series of dots) from the 5th
cell to the 5th cell on the right hand side, counting up (from the bottom). Then counting
the 5th as the first, we join the 4th cell (to the 4th) cell at an angle, sloping to the left,
then from the 5th cell (sloping) to the right. We continue this until we reach the end of the
[remaining] cells on the top row, and then we turn the square around putting the top side
to the bottom, and connect dots from that edge in a similar fashion, as one can see in
Figs. A1-2 and A1-3.

After the placement of the dots as shown, we go through the numbers in turn, starting
from the number one, and likewise through the (corresponding) cells in the given square,
starting from the first of the cells in the topmost row from left to right. In those cells which
have dots, we place the numbers corresponding to the cells, but where there are no dots,
we pass over those cells and their corresponding numbers. We continue this process
until the last of the cells of the entire square. Then again, beginning from the number
one, we go through the numbers in turn and the cells of the square, beginning from the
first cell in the bottom row from right to left. In those cells which are empty we place the
corresponding numbers, but we pass over those cells which have numbers already and
their corresponding numbers. We do this running through all the cells as far as the first
cell in the topmost row, from which we began our descent.
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Fig. A1-3.

So that this might become clearer, let us practice (the method) on one such square.
In particular then, suppose we are given the square with side 4, which we draw up and
place the dots in the cells along the diameters, thus [Fig. A1-4]:

1 15 14 4

12 6 7 9

8 10 11 5

13 3 2 16 

Fig. A1-4.
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We then begin from the number one and from the 1st of the cells along the top, and
we place straightaway the number one in that same 1st cell, since it contains a dot. Since
there is no dot in the 2nd cell we pass over it and with it the number two which corresponds
to it. Similarly we pass over the 3rd cell and with it the number three, but we place 4 in the
4th cell since it contains a dot. We pass over the 5th cell and with it the number five, and
we place 6 in the 6th cell, and 7 in the 7th. We pass over 8 and the 8th cell and likewise
9 and the 9th, but we place 10 in the 10th and 11 in the 11th cell. We pass over the 12th
and 12, but place 13 in the 13th cell. We pass over 14 and the 14th, and likewise 15 and
the 15th cell, but place 16 in the 16th cell. Then we begin again from the number one,
and take the first cell on the lowest row [from right to left] as the first cell in the square,
counting to the left. We immediately pass over this square and with it the number one
which corresponds to it, since it has a number in it. In the 2nd cell we place 2 since there
is no number in it, and in the 3rd cell we place 3. We pass over 4 and the 4th cell and
place 5 in the 5th. We pass over the 6th cell and 6, and likewise the 7th and 7, but we
place 8 in the 8th and 9 in the 9th. The 10th and 10 we pass over and likewise 11 and
the 11th, but we place 12 in the 12th and pass over 13 and the 13th. We place 14 in the
14th and 15 in the 15th, but pass over 16 and the 16th cell. All this is clear to see in the
diagram. We use this procedure for squares of the same type. Thus the first method has
been explained.

The Second Method:
The other method has the following format. I draw up the cells of the smallest possible
square, that is to say, the one having side 4. I fill the cells with numbers as shown
[Fig. A1-5].

1 14 11 8 

12 7 2 13 

6 9 16 3 

15 4 5 10 

Fig. A1-5.

I then use this square as model and archetype for each square of similar form in turn.
For all such squares in turn can be subdivided into this one. The next square in turn after
this one has double its side. Doubling the side always makes the [area of the] square four
times as great as the area of the square whose side was doubled, therefore the square
next in turn can be divided into four such squares. The next square again after this has
double its side, and four times [the side of] the first square. Its area is four times as great
as the second square, but, compared with the first, since its side is four times as great,
it has area 16 times as great. It can therefore be divided into 16 such squares. We can
easily find what multiple [the area of] one square is of another from the side, for we look
to see what multiple one side is of the other, and we take the number by which one is a
multiple of the other, and we multiply this number by itself and the number resulting from
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the multiplication is the ratio of [the area of] one square to the other. For example, suppose
one side is four times the other. I take 4 and multiply it by itself and it makes 16. I have
thus proven that the [larger] square is 16 times the [smaller] square. The other cases are
similar.

We must now come to the positioning of the numbers which is as follows: We draw up
the cells of another such square after the first one, which is already given, and we divide
it up, using certain lines, into as many squares of the first kind as possible. Then we fill
half the cells of the squares in turn starting from the top, looking to the first square and
placing the numbers in the same order as in the first square. Then, beginning from the
bottom, we reverse back to the top, filling the other half of the cells, those remaining in
each square, looking again to the first and placing the numbers in the same order as in
the first square.13

For greater clarity, let one such square be drawn, and let us show the placing (of the
numbers) in it. Let it be, in fact, the square immediately after the first, which we draw up
thus [Fig. A1-6].

1 8 9 16

7 2 15 10

6 3 14 11

4 5 12 13

17 24 25 32

23 18 31 26

22 19 30 27

20 21 28 29

Fig. A1-6.

We divide it by lines into as many squares of the first kind as possible. It can in fact
be divided into 4. We fill half the cells as shown, beginning from the top and descending
to the bottom.14 We then reverse, in turn, beginning from the bottom, back to the top
from whence we descended, filling those remaining cells in the same order as in the first
square,15 and when the whole thing is full, the Sides are equal in any direction [Fig. A1-7].
The procedure is the same in all other such squares.

Observe that in this arrangement, whenever you divide up the square into four sub-
squares, the Side of each part equals that of the first—this was not the case with the

13Compared with his earlier descriptions, this section is remarkably terse and would be difficult to follow without
an example.

14As shown, we move from left to right and add 8, 16, 24, respectively, to the entries in the basic square, as we
do so.

15Adding, of course, 24, 32, 40, 48, respectively, to the basic square as we reverse back.
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1 62 59 8 9 54 51 16

60 7 2 61 52 15 10 53

6 57 64 3 14 49 56 11

63 4 5 58 55 12 13 50

17 46 43 24 25 38 35 32

44 23 18 45 36 31 26 37

22 41 48 19 30 33 40 27

47 20 21 42 39 28 29 34

Fig. A1-7.

previous arrangement.16 If the sides are divided in two, each part has the same sum
(along the side)—this will happen in all cases except the first. The square has other
elegant and graceful features, which the preceding account does not contain.

3. ISAAC ARGYROS, ON SQUARE ROOTS

Isaac Argyros (ca. 1300–1375) pursued his scientific activity in Constantinople from 1367
to 1373. He wrote two astronomical treatises based on Ptolemy’s work, but for the meridian
of Byzantium. He also wrote a Treatise on the Date of Easter and a Treatise on the Astrolabe.
In the work excerpted here on square roots, he attempted to improve on the method of Heron.
We present his method using ordinary fractions, but he also demonstrated how to calculate
square roots in the sexagesimal system.

The study of square roots of numbers that are perfect squares is easy, since they are
themselves integers. In fact, every number multiplied by itself forms a square. The root
is the number which one multiplied by itself. The square numbers are formed beginning
with unity by the addition of successive odd numbers. Thus, if one takes 1, 3, 5, 7, 9, 11,
and so forth in sequence, the addition of unity and of 3 gives four, which is square. The
addition of unity and 3 and 5 gives 9, which is also a square; the addition of the numbers
up to 7 gives 16; the addition of the numbers through 9 gives 25, and adding 11 to the
preceding numbers gives 36, and so forth. The roots of these numbers are the numbers
in the sequence of consecutive numbers beginning with the unit. Thus the root of 4 is 2,
since two times 2 will be 4; the root of 9 is 3, since three times 3 are 9; the root of 16 is 4,
that of 25 is 5, that of 36 is 6, and so on.

Mathematicians study equally the roots of other numbers, those which are not perfect
squares. It is absolutely impossible to determine these exactly; one can only obtain
values very close to the exact value. For this reason, those who have preceded us
have established different methods that present great difficulties to solve this particular
problem. It therefore appeared to be most useful to choose the easiest of these methods

16This also holds for the diagonal sum of each subsquare.




