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Geometry thinks about size and shape. Astronomy contemplates the movement of the

heavenly stars and figures and all the properties of the stars.

Each of the four sections begins with remarks on the meaning of its name and its discovery.

While there is much repetition of what might have been expected from the preceding sources,

this paragraph is singularly interesting:

How many infinite numbers are there? It is certain that numbers are infinite, because

regardless of whatever number you make the last, not only can it be increased by

the addition of one, but regardless of its size and whatever huge multitude it contains,

the doctrine of numbers can not only double it but can multiply it. Secondly: there

are certain numbers that because of their properties have boundaries, for instance no

number can be made equal to another number. Therefore, no matter how unequal among

themselves and diverse they are, each individual number is finite, but all of them are

infinite.

Five hundred years later, Hugh of St. Victor (1096–1141) paid tribute to the same division

of mathematics:

Mathematica igitur dividitur in arithmeticam, musicam, geometriam, astronomiam.

[Buttimer, 1939, chapter VI, 755C]

Such was his conclusion to the chapter focusing on De quadrivio. Thereafter he states

that abstract quantity is the scope of mathematics, with much room for its visible aspect,

magnitude. This has two parts: continuous (as described by dimensions) and discrete (as

analyzed in multitude). The latter makes use of counting and computing. Then he continued

that magnitude might also be mobile, like the spheres of the world (astronomy), or immobile,

like the earth (geometry). Multitude itself is discussed in arithmetic, and relations between

multitudes are the focus of music. One may well wonder whether he knew about the

translations just beginning to appear in Spain as he watched the rise of the university in Paris.

Regardless, what we have reviewed above represents selections from the mathematics that

was available to students at the beginning of the 800s.

4. A NEW CREATION: RULES FOR ADDITION OF SIGNED NUMBERS

There is apparently no evidence that Hugh (or anyone else of significant influence) was

aware of the most unique creation in mathematics that occurred in the early ninth century: the

rules for the addition of signed numbers. The rules appear in five unrelated manuscripts of

this period, written immediately after or close to three number puzzle problems (discussed

in section I-5-1). This text shows how a “positive number” and a “negative number” of

different values can be combined. Before the fifteenth century the concept of negative number

was found only in Chinese and Indian mathematics, although Leonardo of Pisa encountered

negative quantities in certain problems in his Liber abbaci, where he dealt with them as

“debts.” We have become so accustomed to our terminology for operating with positive and

negative numbers (note the adjectives!), that we would do well to pause in the reading of

the very literal translation; the first line is “Verum cum verum facit verum.” Expressing a

new idea was certainly difficult. Surely the author was assuming readers would discover for

themselves what the words signify.

True with true makes true. Less (minus) with true makes true. True with less makes

less. Less with less makes less. True signifies being; less means nothing. Put any sum of

numbers you wish called true, that is being, and put another sum you wish called less by
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the adverb that I said signified nothing, and combine the two sums. That which was larger

conquers the less and consumes it according to the quantity of its size.

For example: If two sums of numbers are joined, the one is VII called true from the

name of being and the other is III called less from the name of an adverb. These two

sums of numbers are joined together, that is, being and non-being. Because the sum of

the true is greater than the sum called less as VII is greater than III, the true VII conquers

the less III. But it can conquer not by the larger part that is IIII, for the VII takes the III

less. So that with three removed from the VII, IIII remains. Therefore when the III less is

joined to the VII, IIII remains. Similarly, if III true in name and VII less are joined, because

the value of the not being is greater than (the value) of the being, the non-existing seven

conquers the existing three, and its non-being consumes it. From itself remains the non-

existing number IIII. This is what is said: join III and VII less; they make IIII less. If however

you join III non-existing and VII similarly non-existing numbers, you show ten non-being.

For as two existing true numbers such as VII and III true make a true, that is an existing

number, namely ten, so two non-existing values of numbers so named as III less and VII

less make X less. True means to make and less means not to make. Join III and VII; they

are X. Join III less and VII; they are IIII. Join III and VII less; they are IIII less. Join III less

and VII less; they are X less.

I-2. Numbering

1. ROMAN NUMERALS

In Latin Christian Europe, Roman numerals were used for writing numbers. They

continued to hold a commanding place even after the twelfth century, when the so-called

Hindu-Arabic numerals became known, and did not lose their influence before early modern

times. Roman numerals had special symbols for the powers of 10 (I = 1, X = 10, C = 100,

M = 1,000) and for the multiples of 5 between them (V = 5, L = 50, D = 500 ). Numbers

were written by adding up to four symbols for the powers of 10 and, if necessary, one symbol

for a multiple of 5 (e.g., MMMDCCLXXXXII = 3,792). The subtractive principle—that is,

the rule that a smaller number placed to the left of a larger shall be subtracted from it (e.g.,

IX = 9 )—was sometimes used during the Middle Ages, but one might see both IIII and XL

in the same document (representing 4 and 40, respectively).

It is easy to add and subtract using Roman numerals. But they are not very convenient

for multiplication and division. Therefore in Roman antiquity and in the Middle Ages, tables

were used for multiplication. Such a table is given in Boethius’s Arithmetic in the context of

number theory and not for practical use.

Let there be such a diagram in which shall be placed in an order up to the number ten

the natural order of continuous numbers, and in the second line the duplex order shall be

extended, in the third the triple order, in the fourth the quadruple order, and this is done

up to ten [Fig. I-2-1-1].

For more complex calculations, more elaborate multiplication tables were devised so that

multiplications and divisions of integers and fractional numbers in the Roman system could

be managed. The main problem came from the Roman fractions. The fractions were derived

from the division of weights. The unit, which was called as, was divided into twelve parts.

Every part had its own name and was denoted with a special sign. The smallest part (uncia)

K
atz - S

ourcebook



Latin Schools: 800–1140 13

Fig. I-2-1-1. From [Guillaumin, 1995, p. 54].

was subdivided again in twelve parts. It is obvious that the base 12 is not practical even

with addition, let alone multiplication. Therefore, tables listing the multiples of integers and

of Roman fractions were developed. The most important one is the treatise of Victorius of

Aquitaine (fifth century), which was heavily commented by Abbo of Fleury (ca. 940–1004)

[Fig. I-2-1-2].

The main content of the so-called Calculus by Victorius are 98 columns in which are given

the multiples of the integers from 2 to 50 with integers (from 2 to 1,000) and with Roman

fractions (from 1/144 on). For example, if 24 (= XXIIII) must be multiplied by 19 (= XVIIII),

one goes to the table for 24 and notes how much the tenfold value is (CCXL) and how much

the ninefold value is (CCXVI). Then the partial results must be added [Fig. I-2-1-3].

2. FINGER RECKONING

Since olden times it was very common to represent numbers by positions of fingers. Greek

and Roman authors mention the custom to represent numbers below 100 on the left hand and

the hundreds on the right hand. The term “finger reckoning” is somewhat misleading, because

the fingers did not apparently serve the purpose of calculation; rather, different positions of

the fingers represented the various numbers, and the system was simply a way of recording

numbers. The oldest detailed description how this was done was given by Bede the Venerable

(ca. 672–735), who belonged to the order of St. Benedict. In the first chapter of a treatise

on calculating the date of Easter (De temporum ratione) he explains the loquela digitorum

(i.e., the language of the fingers) and explains explicitly how by bending the fingers of the

right and the left hand, all numbers less than 10,000 can be represented. The left hand is

used for the units and the digits, the right hand for the hundreds and thousands. To present

the numbers correctly, each finger joint must be bent and stretched independently from the

others—a difficult task. At the end of this chapter Bede notes that even bigger numbers up

to 1,000,000 can be represented by placing the hands on different parts of the body. In some

manuscripts of Bede’s treatise, illustrations show the different positions of the fingers [see

Fig. I-2-2-1].

Calculating or Speaking with the Fingers. Before discussing the basics of the calcu-

lation of time, we have decided to demonstrate a few things, with God’s help, about that

very useful and easy skill of flexing the fingers, so that when we have conveyed maximum
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Fig. I-2-1-2. Roman fractions of 288, with their name, symbol, and value. For example,

starting near the bottom, a sextula is 1/72, and so the value is 4; an uncia is 1/12, so its value

is 24; a triens is 1/3, with value 96; a semis is 1/2, with value 144 (erroneously written as clxiiii

= 164 instead of cxliiii); a septunx is 7/12, with value 168; and a deunx is 11/12, with value

264. Source: [Taegert, 2008, p. 25], reprinted by permission of Staatsbibliothek Bamberg.

facility in calculation, we may then, with our readers’ understanding better prepared, attain

equal facility in investigating and explaining the sequence of time through calculation. For

one ought not to despise or treat lightly that rule with which almost all the exegetes of

Holy Scripture have shown themselves well acquainted, no less than they are with verbal

expressions. Many have said other things [on this topic], and even Jerome, that translator

of the sacred narrative, says in his treatise on the evangelical precept (and [Jerome] did

not hesitate to take up the aid of its discipline): “The thirty-fold, sixty-fold and hundred-

fold fruit, though born of one earth and one seed, nevertheless differ vastly as to number.

Thirty refers to marriage, for this conjunction of fingers depicts husband and wife, wrapped

and linked (as it were) in a tender kiss. Sixty refers to widows, because their position is

one of confinement and tribulation; hence they are pressed down against the upper finger,
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Fig. I-2-1-3. This is the multiplication table for 24. Note the multiplication by fractions toward

the end of the table. For example, 11/12 of 24 is 22, 1/12 of 24 is 2, and 1/72 of 24 is 1/3.

Source: [Peden, 2003, pp. 19–20].

E.g. 24 x 5 = 120

E.g. 1/12 x 24 = 2

E.g. 11/12 x 24 = 22

E.g. 6/12 x 24 = 12

E.g. 9/12 x 24 = 18

E.g. 3/12 x 24 = 6

E.g. 1.5/12 x 24 = 2

E.g. 0.5/12 x 24 = 2

Fig. I-2-2-1. This is a page from Jacob Leupold’s Theatrum Arithmetico-Geometricum

(Leipzig, 1727). The author interchanges the hundreds and thousands compared with Bede’s

description.
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for the more the will of a [sexually] experienced person suffers in abstaining from sin,

the greater the reward. Finally the hundred-fold number (pay careful attention, reader, I

pray!) is transferred from the left hand to the right, and symbolizes the crown of virginity

by making a circle with the same fingers, but not on the same hand, by which marriage

and widowhood are signified on the left hand.”

So when you say “one,” bend the little finger of the left hand and fix it on the middle

of the palm. When you say “two,” bend the second from the smallest finger and fix it on

the same place. When you say “three,” bend the third one in the same way. When you

say “four,” lift up the little finger again. When you say “five,” lift up the second from the

smallest in the same way. When you say “six,” you lift up the third finger, while only the

finger in between, which is called medicus, is fixed in the middle of the palm. When you

say “seven,” place the little finger only (the others being meanwhile raised), on the base

of the palm. When you say “eight,” put the medicus beside it. When you say “nine,” add

the middle finger.

When you say “ten,” touch the nail of the index finger to the middle joint of the thumb.

When you say “twenty,” you insert the tip of the thumb between the middle joints of the

index and middle fingers. When you say “thirty,” you join the tips of the index and middle

fingers in a gentle embrace. When you say “forty,” you pass the under side of the thumb

over the side or top of the index finger while holding both erect. When you say “fifty,” you

rest the thumb, bent at the last joint into the shape of the Greek letter gamma, against the

palm. When you say “sixty,” you carefully encircle the thumb, bent as before, by curving

the index finger forward. When you say “seventy,” you fill the index finger, bent as before,

by inserting the thumb, with its nail upright, through the middle joint of the index finger.

When you say “eighty,” you fill the index finger, curved as before, with the thumb extended

full length and its tip placed against the middle joint of the index finger. When you say

“ninety,” you place the tip of your bent index finger against the base of your upright thumb.

So much for the left hand. You make one hundred on the right hand the way you make ten

on the left, two hundred on the right the way you make twenty on the left, three hundred

on the right the way you make thirty on the left, and the rest in the same manner up to

nine hundred. You make one thousand on the right hand the way you make one on the

left, two thousand on the right hand the way you make two on the left, three thousand on

the right hand the way you make three on the left, and so forth up to nine thousand. Then

when you say “ten thousand,” you place your left hand flat on the middle of your chest, but

with the fingers pointing upwards to the neck. When you say “twenty thousand,” place the

same hand, spread out sideways, on your chest. When you say “thirty thousand,” place it

flat but upright with the thumb on the breastbone. When you say “forty thousand,” turn it

on its back upright against the belly. When you say “fifty thousand,” lay it flat but upright,

with your thumb against your belly. When you say “sixty thousand,” grasp your left thigh

with your flattened hand. When you say “seventy thousand,” turn [your hand] on its back

on your thigh. When you say “eighty thousand,” lay it flat on your thigh. When you say

“ninety thousand,” grasp your hip with your thumb turned towards the groin.

One hundred thousand, two hundred thousand and so forth up to nine hundred

thousand, you perform in the same manner as we said, but on the right side of the body.

When you say “one million,” cross your two hands, linking your thumbs together.
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3. ISIDORE OF SEVILLE, LIBER NUMERORUM (BOOK OF NUMBERS)

Many treatises on numerology were written during the medieval period in the Christian

part of Europe. They connect arithmetic with theology by interpreting numbers allegorically.

Terms like “mystery of numbers” (mysteria numerorum) or “sacred numbers” (numeri sacrati)

indicate the topics that are dealt with. By explaining number as an allegorical symbol and

uncovering the sacredness, the secrets can be made apparent. At the same time, numbers

that have a specific mathematical meaning are also treated, especially in the theory of

numbers according to the Pythagoreans and to Boethius. For instance, the number 6 is a

(mathematically) “perfect number,” because it is equal to the sum of its divisors. But other

numbers can be “perfect” as well, because they have special relevance in the Bible. In this

way, number and arithmetic serve as aids for understanding the Bible. For a modern reader,

this unconnected coexistence of mathematical evidence and biblical number symbolism is

difficult to understand, but in the Middle Ages it did not raise problems, as can be seen from

the numerous texts that were popular at that time.

One of the earliest authors of such a treatise was Isidore of Seville. Later, in the twelfth

century, many elaborate treatises on numerology were written by Hugh of St. Victor, Odo

of Morimond, William of Auberive, Thibaut of Langres, and others. Here follows a short

section from Isidore of Seville’s Liber numerorum qui in sanctis scripturis occurrunt (Book

of Numbers That Occur in Sacred Scripture). We only include the introduction and the

sections dealing with the numbers 6 and 7. Noteworthy in this selection is the absence of

numerical symbols, except in one place where Isidore used Roman numerals. Thus numbers

are addressed conceptually by their names only, with no other symbols.

Paying attention to the meaning of numbers in Sacred Scripture is not a useless

activity, because they have about themselves a certain teaching of knowledge and many

mystical wonders. So, as you wished, I am pleased to make known briefly the rules for

[understanding] certain numbers.

To begin with, number must be defined. Number is a collection of units or a multitude

proceeding from one. Its size is indeed endless; it cannot be fixed.

An even number can be divided into two equal even numbers. An uneven number,

however, cannot be divided into two equal parts, for one part in the middle will be either

more or less than the other. An even times even number can be divided evenly into even

numbers. And each part can be divided further into even numbers, until they reach unity

that is indivisible. For example, consider sixty-four. Its half is thirty-two, then by halving,

sixteen, whose half is eight, followed by four then two and finally one. One is the unique

indivisible.

One is the least part of all numbers; it cannot be divided. However, one is the seed of

numbers; but it is not a number. For from it the rest of the numbers flow or are procreated.

It alone is the measure, the cause of any increase and decrease in any number. So, the

increase of all numbers begins with it, and again they return to its unity.

· · ·

Consider the number six. Six is the first perfect number because it is filled with its own

parts. Six contains its sixth part, which is one, then its third part, which is two, and its

half, which is three. The sum of these: one, two and three, is six. There is no number

smaller than six, whose parts when divided sum to it. The perfection of this number is
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also clear in the work of the world, for in six days God completed His work. On the first

day He created light, on the second day the firmament, on the third the sea and land, on

the fourth the stars, on the fifth the fish and birds, and on the sixth day man and other

animals. Then there are six days in which the world was perfected by ages. The first of

these was from Adam to Noah, the second up to Abraham, third to David, the fourth up

to the transmigration, the fifth up to the coming of Christ, and the sixth that is now, our

era to the end of the world. The number six also consumes the year. The number sixty is

the sixth part of days whose sum multiplied by the six of the first turn that is six sixties,

is CCCLX. What is left are five days, to which if the four parts are joined, they make the

number of sixes.

Indeed the fourth itself is made up of these. Likewise the number six, if it is associated

with the square and solid number four, measures the hours of day and night, because

four sixes make twenty-four. Moreover, the perfection of this number can be found in the

ages of men and in the levels of things. The course of mortal life is sent over six ages,

namely, infancy, childhood, adolescence, youth, adulthood, and old age. There are six

levels of all things: nonliving like rocks, living like trees, sensitive like sheep, rational like

men, immortal like the angels, and at the extraordinary and highest level that is above all

things is God. Likewise there are six natural properties without which nothing can exist:

magnitude, sight, figure, distance, state, and motion. There are even six different motions,

because anything can be moved backwards or forward, to the left or right, up or down.

Furthermore, many examples of the use of the number six are found in sacred preaching.

For man was created in the image of God on the sixth day. Furthermore, during the sixth

age of man the Savior became flesh. And on their sixth day in the desert the people were

ordered to collect manna. Ezekiel told us that he saw a feather of six cubits on the right

side of a man. He also wrote about the fountains of the temple being six cubits high.

Likewise he commanded the prince to offer six lambs in sacrifice. In the Gospel there are

six vases full of water that Christ changed into delicious wine. It was six days before his

Passion that entering Jerusalem Christ was seated upon an ass. There are many other

examples that are omitted here lest they tire the reader.

On the number seven. The number seven is born from no other number. It neither

generates nor is generated. For all the numbers less than ten either produce others or

are produced by others. Seven however neither generates nor is generated. Six and eight

are only generated. Four and two both create and are created. Seven bears nothing nor

is borne by another. Nevertheless, this number seven is legitimate. Wherever it is used

as seventy or seven hundred, it contains so many sevens within itself. And among the

wise persons of this world this number is considered perfect for this reason, because

it is a combination of the first even number with the first odd. For the first odd number

is three and the first even is four. From these two, seven was made. When these parts

are multiplied then we have twelve. For whether by three fours or four threes, twelve is

made.

But through three the mystery of the Trinity and through four the action of the virtues

is illustrated. And by this in these parts6 through the image of the Trinity the action of the

6Isidore is referring to what he wrote in an omitted passage that the numbers 3 and 4 illustrate the Trinity and

virtues.
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virtues is perfected, and through the representation of the virtues one comes to the notion

of the Trinity. On the other hand, when they become twelve, this shows the twelve apostles

made perfect by the seven-fold grace of the Spirit. For by their preaching with the strength

of the four virtues, faith in the Trinity grew throughout the whole world. In Holy Scripture

this number signifies peace during all time in this world. Sometimes it displays the unity

of the Church. . . .

Seven very appropriately also signifies the Holy Spirit. According to the Law, sanctifi-

cation belonged to the seventh day. For God did not sanctify His work on any day but only

on the seventh, when he rested from his work. Therefore and by right that person carries

the image of the Sevenfold Spirit, who through the fullness of divinity in Christ lives. Isaiah

the prophet testified, “The spirit of the Lord shall alight upon him: a spirit of wisdom and

understanding, a spirit of counsel and might, a spirit of knowledge and piety, and he shall

be filled with the Spirit of the fear of the Lord” (11: 2).

4. HINDU-ARABIC NUMERALS

The decimal system with nine digits and zero comes from India. At first, distinct symbols

were used for the units and the tens. A significant advance was made when practitioners

adopted the same symbols for the tens, hundreds, and so forth as for the units. So began the

“place-value” system for base 10. The system goes back at least to the first centuries CE.

From the eighth century, inscriptions and manuscripts in India using these numbers become

relatively numerous.7 The decimal place-value system was also known outside India at least as

early as the eighth century. In their numerous conquests beginning in the seventh century, the

Arabs took over the forms of the numbers found in the conquered territories. Indian numerals

with the zero were known to educated Muslims at least by 760. In the following centuries the

Indian numerals became known throughout the Muslim empire from the eastern provinces

to Spain. The form of the numerals was not uniform; in particular, two conventions were

developed, one in the East (including Egypt) and the other in North Africa and Spain. They

differ in the way some of the numerals were written.

Among the first who wrote mathematical works in Arabic was Muh. ammad ibn Mūsā al-

Khwārizmı̄ (fl. 830), who worked in Baghdad. His treatises on arithmetic and algebra marked

the beginning of the Arabic writings on these subjects. In the twelfth century, both his algebra

and his arithmetic texts were translated into Latin, with the latter being the first in Latin

describing the workings of the Hindu-Arabic system.

The Indian numerals themselves were known in the West much earlier. The oldest known

examples are in two Latin manuscripts written in monasteries in Northern Spain in the tenth

century: the Codex Vigilanus in 976 and the Codex Emilianus in 992. Both contain excerpts

from Isidore of Seville’s Etymologiae dealing with chronology and arithmetic. They are twin

manuscripts (i.e., they go back to the same source). This source may have been a manuscript

of the monastery of Ripoll in Catalonia, which was at that time a center of scholarship. One

of the excerpts runs as follows.

7See [Plofker, 2009] for more details on the development of this system in India.
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