Q UADRIVIU M
Assignment 7a: Algorism III

Due: -Annandale- Tuesday, March 12 th
-Fishkill- Wednesday, March 27 th

Read the following:
Fibonacci [Leonardo Pisano, Leonardo of Pisa (ca. 1170-ca. 1250)]. Fibonacci's Liber Abaci: A
Translation into Modern English of Leonardo Pisano's Book of Calculation.
-pp. 127-130: Read chapter 2 on multiplication, etc.
Chuquet, Nicolas, Graham Flegg, Cynthia Hay, and Barbara Moss. Nicolas Chuquet,
Renaissance Mathematician. Excerpts.

folios
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Read pp. 43-47 and do the exercises below.

Homework 7a to be turned in: [All of this is attached here.]
-The Chessboard Paradox (below). Do it and write it up.
- Fibonacci - Multiplication and finding the residue to check. Exercises.
- Chuquet's Method for finding the Greatest Common Divisor. Exercises.
Leonardian (Fibonaccian) mixed fractions explained and converted to modern decimal notation:
1
4.5 𝑦𝑎𝑟𝑑𝑠
4 𝑦𝑎𝑟𝑑𝑠 =
2
1
4 + 𝑦𝑎𝑟𝑑𝑠
2
1
4 yards 1 foot or 4.33... yards
4 𝑦𝑎𝑟𝑑𝑠 =
3
1
4 + 𝑦𝑎𝑟𝑑𝑠
3
4 1
4 yards, 1 foot, 4 inches or 4.44444... yards
4 𝑦𝑎𝑟𝑑𝑠 =
12 3
1
4
4+ +
𝑦𝑎𝑟𝑑𝑠
3 3 ∙ 12
11 2
4 yards, 2 feet, 11 inches
9.97222...yards
4 𝑦𝑎𝑟𝑑𝑠 =
12 3
2
11
4+ +
3 3 ∙ 12
Links for graph papers if you want them. See website.
PDF of Blank Graph Papers
JPEG smaller graph papers
JPEG larger graph paper
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Chessboard Paradox

Calculate the areas of the square and the rectangle. Different areas.
Can you think of a way to make money from this?
Notice how all the multitude (counting number) measurements
found amongst the shapes are 3, 5, 8, and 13. Look familiar? Rabbits?
(1, 1, 2, 3, 5, 8, 13, 21, 34, 55, 89, etc.)

Here's another one. What are the areas?

Multitudes in this one are 5, 8, 13, 21. See a pattern forming?
Your job is to sketch out two new sets of grids that have this magical property. Sketch out both the
square format and the rectangular format for each. You have a pattern to follow which will lead you to
the measurements needed... the Fibonacci series. Use this series to come up with the next higher and
the next lower square chess boards and their resultant rectangular rearrangements. [Graph paper will
make this much easier.]
Restating for clarification: Sketch out 2 sets. One set should be smaller than the 8 x 8 one shown, and one
set bigger than the 13 x 13 one shown. You will be able to deduce the dimensions from the Fibonacci
series.
Then I'd like you to actually construct these two grids. Make the square grids. Then cut them up and
reassemble the pieces into rectangles. Either draw, print, tape, or glue your results to a piece of paper to
be turned in. Provide commentary of any and all interesting observations.
(I used Photoshop to do this. Feel free to do it this way. But if you are not comfortable with Photoshop
feel free to go old-school and use paper and blade.)
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pp. 24-27: Fibonacci - Multiplication and finding the residue to check.
37
37 times 37
37
9
First, do 7 x 7 and get 49.
37
37
Write the 9 above the 7s and hold the 4 from 49 in your hand.
... and hold a 4 in your hand.
69
37
37

Now multiply all combinations of 1s and 10s and add them
together. (7 x 3) + (3 x 7) = 42
... and to this add that 4 you have in your hand.
42 + 4 = 46.
...and hold a new 4 in your hand.
Write the 6 up above the 3s and hold the 4 from 46 in your hand.
1369
Now finish this off by multiplying the 10s digits from each
37
number... 3 x 3 = 9. And add that 4 from you hand.
37
... to get 13. Write this before the 69. Ta da!
Now to find the residue.
Add the digits from the upper 37.... 3 + 7 = 10. Subtract 9 from 10... you get 1. Add the digits from
the lower 37.... 3 + 7 = 10. Subtract 9 from 10... you get 1. Multiply these 1s together... 1 x 1 = 1.
That's the residue. Check the final answer in this way... 1369... digits added... 1 + 3 + 6 + 9 = 19.
Subtract as many 9s as you can from this number and the remainder will be the residue.
19 – 9 – 9 = 1. Yippee! Same number as above. The residue of 1 checks out.
Let's try this on our own numbers. Let's try 12 x 28.
12
Fibonacci likes the larger number in the lower position.
28
6
The onsies times the onsies... 2 x 8 = 16.
1 in hand.
12
Write the 6 above and hold the 1 in your hand.
28
36
Now multiply the upper onsie with the lower tensie and add that to the
1 in hand.
12
upper tensie times the lower onsie.... (2 x 2) + (1 x 8) = 12.
28
... and add that 1 from your hand... to get 13. Write the 3 above and hold
the 1 in your hand.
336
Finally multiply the tensies to each other and add that 1 from your hand.
12
1 x 2 + 1 = 3. Write the three above. That's the answer.
28
12 → 1 + 2 = 3

Now for the residue.

28 → 2 + 8 = 10

Add the digits of each of the numbers being multiplied.

3×10 = 30
30 − 9 − 9 − 9 = 𝟑
336 → 3 + 3 + 6 = 12
12 − 9 = 3

Multiply these sums together to get 30.
Now subtract 9s until you can't and the remainder is the residue.
Check against the result, by adding the digits of the result and subtracting
9s. That works. Again you get a 3.

30 → 3 + 0 = 3

You can also check against that 30 from 2 steps above.

3 𝑖𝑠 𝑡ℎ𝑒 𝑟𝑒𝑠𝑖𝑑𝑢𝑒.

You can't subtract 9 from 3, so the residue is simply 3.
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In general....
𝑎𝑏
𝑐𝑑
𝑧
𝑎𝑏
y in hand.
𝑐𝑑
𝑥𝑧
𝑎𝑏
w in hand.
𝑐𝑑

ab is some 2-digit number, as is cd.

𝑎𝑏 → 𝑎 + 𝑏 = 𝑒

The onsies times the onsies... b x d = yz.
Write the z above and hold the y in your hand.
If y is 0, there is nothing to hold.
Now multiply the upper onsie with the lower tensie and add that to the
upper tensie times the lower onsie.... (b x c) + (a x d) + y = wx.
... and add that y from your hand... to get wx. Write the x above and hold
the w in your hand.
Finally multiply the tensies to each other and add that w from your hand.
c x a + w = uv. Write the uv above. That's it. Done.
ab x cd = uvz
Now for the residue.

𝑐𝑑 → 𝑐 + 𝑑 = 𝑓

Add the digits of the numbers being multiplied.

𝑒×𝑓 = 𝑔ℎ

Multiply them together to get gh.

𝑔ℎ − 9 − 9 − 9 … = 𝒓

Now subtract 9s until you can't and the remainder is the residue.

𝑢𝑣𝑧
𝑎𝑏
𝑐𝑑

𝑢𝑣𝑧 → 𝑢 + 𝑣 + 𝑧 = 𝑖

Check your result by adding up its digits and subtracting 9s until you can't.

𝑖 − 9 − 9… = 𝒓

The remainder ought to be the residue.

𝑔ℎ → 𝑔 + ℎ = 𝑗

You can also check against that gh from 2 steps above.

𝑗 − 9 − 9 … 𝑟𝑒𝑠𝑖𝑑𝑢𝑒.

E.g.

Subtract 9s until you can't. The remainder should be the residue.

32
48
6
32 1 in hand.
48
36
32 3 in hand.
48
1536
32
48
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32 → 3 + 2 = 5
48 → 4 + 8 = 12
5×12 = 60
60 − 9 − 9 … = 𝟔 = 𝒓𝒆𝒔𝒊𝒅𝒖𝒆
1536 → 1 + 5 + +3 + 6 = 15
15 − 9 = 6 = 𝑟𝑒𝑠𝑖𝑑𝑢𝑒
60 → 6 + 0 = 6
6 𝑖𝑠 𝑡ℎ𝑒 𝑟𝑒𝑠𝑖𝑑𝑢𝑒.
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Exercises: Fibonacian Multiplication and the Residue
Multiply the following numbers by hand and find their residues in three ways. Show your set up when
finding the residues like I did in the examples. Use my examples to figure out what you need to do.
E.g.1

?
8
43

The result is....

𝟑𝟒𝟒
8 .
43

The residue can be found in 3 ways:
a) 8 4 + 3 = 56. Then subtract 9s until you have the residue of 2.

56-9-9-9-9-9-9=2

b) 344 → 3 + 4 + 4 = 11. Subtract 9s to find residue of 2.

11-9=2

c) Take the 56 found in method 1 (above), and do this... 5 + 6 = 11.

11-9=2

?
19
43

E.g. 2

The result is....

The residue:
a) 1 + 9 4 + 3 = 70.

𝟖𝟏𝟕
19
43

70 − 9 − 9 − 9 − 9 − 9 − 9 − 9 = 7. The residue is 7.

b) 817 → 8 + 1 + 7 = 16. 16 − 9 = 7. The residue is 7.
c) 70 → 7 + 0 = 7. 7 can't have 9 subtracted from it, so the residue is 7. They all check out.
?
4
12

1)

The result is....

4
12

Put your answer up above the 4.

Find the residue in all three ways.
a)
b)
c)
?
9
12

2)

The result is....

9
12

Find the residue in all three ways.
a)
b)
c)
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?
15
12

3)

The result is....

15
12

Find the residue in all three ways.
a)
b)
c)
?
24
37

4)

The result is....

24
37

Find the residue in all three ways.
a)
b)
c)
?
74
11

5)

The result is....

74
11

Find the residue in all three ways.
a)
b)
c)
?
97
23

6)

The result is....

97
23

Find the residue in all three ways.
a)
b)
c)
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Chuquet's Method for finding the Greatest Common Divisor [pp. 46-47]
Say you want to find the greatest common divisor for a fraction so that you can reduce it to its lowest
!
!
form. E.g.
𝑡𝑜 . Here is Chuquet's method (from Euclid).
!"

!

!"

Say you have the fraction, , and you want to reduce it as far as possible. You could prime factorize it
!"
and cancel out common terms. That would certainly work for reducing it, but you'd have to burn a few
brain cells to figure out what the greatest common factor was. Chuchet's method cuts right to the
answer, albeit in a few steps. A net savings of maybe 2 brain cells for relatively small numbers, but
significant savings for harder problems. Below I am paraphrasing his method and keeping with his
presentation, however, it can be generalized a bit further, which I'll mention at the end.
!"

Take and divide the numerator into the denominator, 39 ÷ 26. You don't need to do the division all the
!"
way out. You just need to get it close and find the remainder... sort of 3rd grade division. 26 goes into
39 just one time, with 13 left over. Take the remainder, 13, and divide it into the denominator of the
!"
original fraction, 39, like this, . This quite clearly divides out perfectly to 3, with no remainder. A
!"
remainder of zero. Thus, you may conclude that 13 is the greatest common divisor of this fraction and
you can do this....
26 26/13 2
=
= .
39 39/13 3
That was an easy one. Now a harder one.
Step 1) Divide 105 ÷ 91,

!"#
!"

!"
!"#

.

, The result is 1 with 14 remaining, or what I'll notate as R14.

Step 2) Now divide 91 by this remainder,

!"
!"

, to get the result, 6 with R7..... (remainder of 7).

Step 3) Now try dividing 14, the previous remainder, by this new remainder:
!"

!"
!

. Aha! This works

perfectly.
= 2, with no remainder, R0. [If this step produces another remainder, you need to repeat
!
the process until you get 0.]
Step 4) That's it. The greatest common divisor is 7, the remainder that divided out perfectly. So you can
!!
!"
now reduce the fraction
by dividing both numerator and denominator by 7 to get . That is the
!"#
!"
lowest reduction of the fraction and 7 is the greatest common divisor.
Addendum: Chuchet implies that you must have a fraction in
!!"!!"

!"#$%
!!"!!"

form, but that really doesn't matter.

It could also be
. The same method will work. In fact the two numbers don't even need to be
!"#$%
parts of a fraction. They could just be any two numbers.

Quadrivium HW-7a

7

Chuquet's Greats Common Divisor Exercises:
Find the Greatest Common Divisor of the following fractions using Chuchet's method. Show method.
E.g. Find the Greatest Common Divisor and reduce:

!"#

!"#
Step1) 187/132 = 1 with R55.
Step 2) 132/55 = 2 with R22.
Step 3) 55/22 = 2 with R11.
Step 4) 22/11 = 2 with R0. So that's the answer. The Greatest Common Divisor is 11.
!"#
!"#

𝑟𝑒𝑑𝑢𝑐𝑒𝑠 𝑡𝑜

!"
!"

using 11 as the Greatest Common Divisor

1) Find the Greatest Common Divisor and reduce:

2) Find the Greatest Common Divisor and reduce:

3) Find the Greatest Common Divisor and reduce:

4) Find the Greatest Common Divisor and reduce:

5) Find the Greatest Common Divisor and reduce:

Quadrivium HW-7a

!"
!"

27 is GCD

!"
!!"

!"#
!"#

!"#
!"#

2/3

23 is GCD

4/5

21 is GCD

7/8

25 is GCD

13/17

!"!#
!",!"#

1547 is GCD

3/7
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